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A High Order Symplectic Algorithm Based on Weighted Residual Method
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Abstract : A new way to construct high order symplectic algorithms is proposed based on weighted residu-
al method. Firstly, in the time subdomain, the corresponding integral equation of Galerkin method for
Hamilton dual equation based on the idea of weighted residual method is proposed, then the generalized
displacement and momentum are approximated by the same Lagrange interpolation within the time subdo-
main, which are substituted into the corresponding integral equation. By numerical integration, the origi-
nal initial value problem of dynamics is expressed as algebraic equations with displacement and momen-
tum at the interpolation points as unknown variables. For nonlinear dynamic systems, a simple scheme of
choosing initial values, which can significantly improve the computational efficiency for Newton-Raphson
method, is presented. Finally, the symplecticity and performance of the proposed algorithms are dis-
cussed in detail. Compared with the same order symplectic Runge-Kutta methods, the accuracy of the two
methods are almost the same, but the proposed algorithms are much simpler and less computational ex-
pense. The numerical results illustrate that the proposed algorithms show good performance in accuracy
and efficiency.

Key words: Hamilton system; weighted residual method; nonlinear dynamics; Galerkin method; sym-

plectic algorithm

« WREHHEA: 2015 -01-06
E€WH: ERARPEESTIIE (11172334) ; ERARREESHFEREREEWIIE (11202247) ; hk
R FEARHITL 55 9% TR 4% B H  (2013390003161292)
EE® T Bl R (1985 4F4), B AR A E: R EE % XE &M E 451 4 Fr; E-mail: lukelang @

mail2. sysu. edu. cn



439

Bl PO AT — e T INACERAG I i s B 5 12 9

FIRETE B ARG EUE TR, FARERK
IS [ LA b B SRR A A e, PRI 7E R
A E SN 27N DAL NI X a7 DR N 1
TR RARE SRRz A

PR F A R R TIS
X R S s, e, 9 RKOEES |
- NS - SETE O SEHORRE - R
Ty — Mgl A o R A I SR SR R R S AT
HEA AR &7 (38 P 56 T 88 8y 42 43 it 3,
Wendlandt F1 Marsden'"' X} B4 528 29 W (1) R 55 44
T — M OR sl R RE R B RS, XPORST
ZY0, Marsden A1l West' ™ 45 Hi 1 — B 8y Bt 1)
@y, Kane 1 Marsden' 5 Gonzalez 1 Schmidt
SE AT — b R B A B SRR Bl LA SR B
O s TE A P A T B 2 A A
W —ZRIRER R . FIR TR AR a8 A s
O3 JEB R T A R A o) SR, R T (B AR )
JEH, 20t — i W T A RE AL B B ) 2 W EL )
A, R EA AR Z AL, R — ),
BRI Ay T — Tl e G gy 4 0 L AR i B
WG 53 D B 58 4 X6 B T Bl g 2 WL R, REE T
M TR IS WA ) R e S, TR B, B
HRITAE T R 2 A 4y B4 R R R S B
WAL CI g DR U S RS

ARICNT—igtdth ke, Pt T —Fp T Ak
(R A v B SRR R TR AR . BB R e
D5 FRAMAL A X L ARG A2 BRI, S btk
Y F A R A T R i, MR S 3l ) e ) R
) —FrEm L. e, XA R RR
177 AR TE . BUEA OIS R RN LA N
JERRCR FXRA RIFRITERE .

1 ETFIBBRAETE B = B3k

e e 28 G 511 77~ (L P R X 7 1 e %3 1 A
W75 AN 6 25 E A -
o _

= = H
p:_ﬁ:_qu (1)
dq
(I0=;]o’ Pozﬁo

b, g M p 205000 d AER T SCRERS R Sy o o)
i, H O RREL, g0 F1 po I BIAGTE o

TERFIAIE, 10,71 b XL A4 0 A5k 1 125 B 7R
iyl W

[ -1 )wd =0

. (j=12,-,m) (2)

[ G+ H Dwde =0
Hor w; BAPREL AEMIL 5T, AR B I bR
%&D

TERS I, K g 71 p BIR W R AIIG Z6AF ) m
WA H 2 TG, B

q@)ziam%,pu>:2amM (3)

sep i = T

0,81, &, FIRIE A, A S0P B =i B
s (B W30, g, A p; 43 B A5 E ALY ALY
(RS2 )i

el (3) ARAS (2), IR L & 3454
PRAIBOA IR, AT

L (§-H')lLdt =0

,(i =0,1’.."m> ’g() =

[ G+ H =0

BB A AL 3 0 B ) RO R4
Xt BB m MR RS, 15

ibjl;.-(gj)( zit)li(gj>ql‘ —

H,p( Z(,) li(z‘:-’j)‘]u Z(,) Z,',(gj)Pi)) =0

. . (k=12,--,m)
ijlk(gj)( Z(,)li(gj)l)i +
H,q(Z(,)li(gﬂqgaz(,)lz(gﬂpz)) =0
(5)

Ho, b W TR AR L
R B 1 H  3 BR B O T, A7 1 () =
8, W E A AL H

2 Cinq; = TH’,J<% D)
i=0
(k =12,---,m) (6)

z Cauli =~ TH’q(‘Ik )
=0

Hr, 8, R B WS, ¢ = 71,(g,) o (EFF—H
e, TRt ] 7 BC A AR R R R IR B A
BT

qo F1 po AL, i EXIAT 2md AT7RER 2md
ARFE, XA BHAEO A . W Tk



10 HIlRA R AR (ASRBERR)

5 54 &

Shh 725, ERXREWREBORA; T Ipdkirtsh
N &5, ERNRAELEREO Y.
KGR (6), RIR[45%E]q,,p.(i =1,2, -,
m) ., Bz (3) BIR[SRAGA B ZI RS ¢, Al p,,
HULT 4R g, il p, B9 NG, X (1)
KB, A
q7=qo+£HhﬂmT=po—£Hmﬂ (7)
[FRERFH m DR SR s o, g
q; = 4o +Tiij’p‘,=gj,

e DL (8)
B ECRIAISRTS g, Bl p, o BOZAEH, 2 RK iy
KA T BRI AR AR E
A, RHERAEAREOT R R A A ik Ak
KA. TEEWIERERC L, BREE—HE 25 A9
(HIEREA —& AT RS, HAREHE A P E AT
iz b 1A] DBz [ A AL Y, B0
IS S
‘}_? = Z(,)Zi(T + F,‘)énl}? = Z(,)Zi(T + t,)]}z
(j=12,+,m) (9)
Hor ) g, #p, A E—ABRIZR ¢, Fp, BIME.
XFP R LA R T, RAERME eI E B iy
TR, AVRIMERE LR TR, T
AR L
2 BBEMTERE
2.1 HERRFEY
Lo =1[q"p" 1" F(v) = [H",
X (6) M= (8) AlZkmhy

zcikvi =7F(v,), (k=1,2,--,m) (10)
i=0

T T
_Hq ],D—I\[J

vT:vo+72biF(vi) (11)
=

st (10) Fist (11) ALREEE MG (Ja-
cobi) HFEA = v /dve. ZE ATJA = J (] Mix

WEFEAERE) , WA i, Ak F ke X
AR 45 A Y BIARIATE, fEFEN K=
BBIIGUE T A SO o E Rk,
2.2 53 RK ERMEEELLER

T A AR SO S R B E RK A PERE

m 4% 2m BraE RK B — s L .

U =7 +Tza’kiF(1}i>’ (k = 1,2,"',771) (12)
i=1

v, :Uo+7ibiF(vi) (13)
AsrgEd, L (10) X n A e LRI, TR
REMEIR D HARL AT s 2 0, AR A
— Y 2d By FRERPOS R, an T BB R

JF,
T,
oF,
"o,
i RK eeft, 5 (12) o HE o b e 2

PRSI i

AR, AR T RIBF RK % HA
P RAEE: O X T AR J7 e 2 BT o8 1o B HE o LE
FEFERARZAETR Sy, AL R RS AR, T
o RK LI, RAS SCR kA 2 s
e, AR R E A, IR RE D @ &
SCREARZAE I R 48 L B9 0 BT 5 RUHE ve LA
B, X T SR BRI R T A £

3 BEBI

3.1 BEhBIZRE

% EAR B AR, SRR H = p/2
—cos q(1 =p/6) , f74E q Fl p WIFARE I, JEATT7H)
ERRARGL, WAHIG & q(0) =1,p(0) =0.1, i
K 7 = 0.1 #10.2, 760 ~100 s [X[a] Ay,

ENCE R N R = R R e 2 IO | 2 e U
TR RS, AR SCH 1 B 52 i AR = il B A
B OUFE o RS T m BOA R B B, AR H R

x1 BEE A RIE

Table 1 The numerical validation for symplecticity of the proposed algorithm

m

1 2 3 4
4 [ 0.983 475 0. 099 872 9] [ 0.983 371 0. 099 897 9] [ 0.983 37 0.099 913 1] [ 0. 983 37 0.099 913 1]
-0.052 812 8 1.011 44 -0.052 780 3 1.011 55 -0.0527842 1.011 55 -0.052 787 7 1.011 55
ATJA J J J J
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Table 2 Accuracy order r of the proposed

algorithm with different m

m
1 2 3 4
r 1.999 6 4.007 7 6.018 9 8.386 1
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Fig. 1  The error e, against the time ¢
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Table 3  lterations/step
With Eq. (12) Without Eq. (12)

M4 M6 M4 M6
0.01 2.0002 2.0002 3.8110 3.9658
0.02 2.0004 2.0004 3.7510 3.9732
0.05 2.0010 2.0010 3.5485 3.9625
0.1 2.0010 2.0020 3.4360 3.960 0
0.2 2.0020 2.0040 3.2640 3.8460
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